MIXED FUNCTIONS OF STRONGLY POLAR WEIGHTED 
HOMOGENEOUS FACE TYPE 



MUTSUO OKA 

Abstract. Let /(z, z) be a mixed polynomial with strongly non-degenerate 
face functions. We consider a canonical toric modification vr : X — ^ C" 
and a polar modification ttm : Y — >■ X. We will show that the toric mod- 
ification resolves topologically the singularity of V and the zeta function 
of the Milnor fibration of / is described by a formula of a Varchenko 
type. 



1. Introduction 

Recall that a mixed polynomial /(z, z) with n complex variables variables 
z = (zi, . . . , Zn) E C" is called a polar weighted homogeneous polynomial if 
there exist a weight vector P = {pi, . . . ,pn) and positive integers dp such 
that 

/(poz,poz) =p'^-/(z,z), poz = {ff'zi,...,pP"Zn), pGC, \p\=l. 

Similarly /(z, z) is called a radially weighted homogeneous polynomial if there 
exist a weight vector Q = {qi, . . . , qn) and a positive integer dr such that 

/(t oz,toz) = t°''7(z,z), t oz = (t^^zi,... t E M+ 

If / is both radially and polar weighted homogeneous, we have an associated 
M+ X S'l-action on C" by 

{t,p)oz = {t'''pP'zi,...,t'^-pP"Zn), {t,p)eR+xS\ 

The integers dr and dp are called the radial and the polar degree respectively 
and we denote them as dr = rdeg^/ and dp = pdegp/. Usually a polar 
weighted homogeneous polynomial is also assumed to be radially weighted 
homogeneous [7]. We assume this throughout in this paper. 

We say that /(z, z) is strongly polar weighted homogeneous if pj = qj for 
j = 1, . . . ,n. Then the associated x action on C" reduces to a C* 
action which is defined by 

(t,z) = (t,(zi,...,z„) ^roz= (zirPS...,z„rf"), r G C*. 

Furthermore / is called a strongly polar positive weighted homogeneous poly- 
nomial if pdegp/ > 0. 
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A mixed function /(z, z) is called of strongly polar positive weighted ho- 
mogeneous face type if for each face A of dimension n — 1, /a(z,z) is a 
strongly polar positive weighted homogeneous polynomial. 

The purpose of this paper is to generalize the result of Varchenko ([lOj) 
to non-degenerate mixed functions of strongly polar weighted homogeneous 
face type (Thorem [TTI) . 

2. Non-degeneracy and associated toric modification 

Throughout this paper, we use the same notations as in [6l[9], unless we 
state otherwise. We recall basic terminologies for the toric modification. 

2.1. Non-degenerate functions. Let /(z) = a^^fj.z'^z'^ be a convenient 
mixed analytic function. The Newton polyhedron r+(/) is defined by the 
convex hull of the union L)u{i^ + + W^. \ a^^fj, ^ 0}. The Newton boundary 
r(/) is the union of the compact faces of T^(f). If / is a holomorphic 
function germ, ai,^^ = unless ^ = (0, . . . , 0) and the Newton boundary r(/) 
coincides with the usual one. For a positive weight vector P = *{pi, . . . ,Pn), 
we associate a linear function £p on r(/) by ^p(r) = ripi + •••-!- TnPn for 
T E r(/). It takes a minimum value which we denote by d{P, f) or d{P) if 
/ is fixed. Let A(P) be the face where ip takes the minimal value and put 

(P) a-v.ii'^y'Z'^ and we call fp the face function of f with respect 

to P. 

Recall that / is non- degenerate for P (respectively strongly non- degenerate 
for P) if the polynomial mapping fp : C*" — )• C has no critical point on 
/p^(0) (resp. on C*"). In the case that fp is a polar weighted homoge- 
neous polynomial, two notions coincide ([9]). In particular, two notions for 
non-degeneracy coincide for holomorphic functions. 

Consider a mixed monomial M = z'^z'^. The radial degree rdegp(M) and 
polar degree pdegp(M) with respect to P is defined by 

n n 

rdegp(M) = '^Pi{i^i + m), pdegp(M) = '^Pi{i^i - fii) 

i=l i=l 

Note that the face function fp is a radially weighted homogeneous polyno- 
mial of degree d{P) by the definition. 

Consider the space of positive weight vectors A^"*". Recall that an equiva- 
lent relation ~ on is defined by 

for P,Q£N+, P^Q ^ A(P) = A(Q). 

This defines a conical subdivision of which is called the dual Newton 
diagram for f and we denote it by r*(/). 

2.2. Admissible subdivision and an admissible toric modification. 

We recall the admissible toric modification for beginner's convenience. We 
first take a regular simplicial subdivision S* of the dual Newton diagram 
r*(/). Such a regular fan is called an admissible regular fan. See ^ for 
the definition. The primitive generators of one dimensional cones in E* 
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are called vertices. Namely a vertex has a unique expression as a primitive 
integral vector P = . . . , with gcd{pi, ... ,pn) = 1- P is strictly 
positive if pj > for any j. Let V be the vertices of S* and let C V 
be the vertices which are strictly positive. (We denote the strict positivity 
by P ^> 0.) To each n-dimensional simplicial cone r of S*, we associate 
a unimodular matrix, which we denote it by r by an abuse of notation. 
Thus if Pi,. . . ,Pn are primitive vertices of r, we also identify r with the 
unimodular matrix (Pi, . . . , P„) S SL(n; Z). On the other hand, as a cone, 
r = {Y^i=i CLiPi \ tti > 0,i = l,...,n}. We say that S* is convenient if 
the vertices of S* are strictly positive except the obvious elementary ones 
Ej = *(0, . . . , 1, . . . 0) (1 is at j-th coordinates), j = 1, . . . , n. We assume 
that / is convenient and thus we assume also that S* is convenient hereafter. 

We denote by /C (respectively by ICs ) the set of simplicies of S* (resp. 
s-simplices of S*). Note that an s-simplex corresponds to an (s + 1)- 
dimensional cone. For each r = (Pi,...,P„) G ICn-i, we associate affine 
space with the toric coordinates u,- = {uri, ■ ■ ■ ,iirn) and a toric mor- 
phism vr,- : C" — )• C" with z = 7rT-(uT-), zj = n^j^ • • • Urn" for j = 1, . . . , n. 
where C" is the base space and z = (zi, . . . , Zn) is the fixed coordinates. Let 
X be the quotient space of the disjoint union Uq-C" by the canonical identi- 
fication Ut- ~ Uo- iff = 7r^~io-(uo-) where vr^-io- is well defined on The 
quotient space is a complex manifold of dimension n and we have a canonical 
projection vr : X — )• C" which is called the associated toric modification. Re- 
call that TT gives a birational morphism such that vr : X \ vr^^ (0) — )• C" \ {0} 
is an isomorphism, as we have assumed that S* is convenient. Here is the 
origin of C". It also gives a good resolution of the function germ / at the 
origin if /(z) is a non-degenerate holomorphic function germ. However for 
a mixed non-degenerate germ, vr does not give a good resolution in general 

m)- 

2.3. Configuration of the exceptional divisors. We recall the config- 
uration of exceptional divisors of vr : X — t- C". For further detail, see [6j. 
For each vertex P G of S*, there corresponds an exceptional divisor 
E{P). The restriction vr : X \ 7r~^(0) — t- C" \ {0} is biholomorphic and the 
exceptional fiber 7r~^(0) is described as: 

7r-^(0)=Upev+^(^')- 

Note that V \ V+ = {Ej;j = l,...,n} and E{Ej) is not compact and 
'^\e{e ) ■ ^i^j) ~^ i-^j ~ *-*} biholomorphic. Let V be the strict transform 
of V to X. Recah that E{P) := E{P) CiV is non-empty if and only if 
dim A(P;/) > 1. 

2.3.1. Stratification. We deiine the toric stratification and the Milnor strafit- 
ication of the exceptional fiber 7r~^(0). For each simplex r = (Pi, . . . ,Pk) 
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of S* , we define 

V{t)* = E{t)* n V, E{t)* = E{t)* \ V{t). 

In the case of r = (P), we simply write E{P), V{P)* and E[P)* . Then we 
consider two caninical stratifications of 7r~^(0): 

(1) Toric stratification : T := {E{t)* | t n V+ / 0}, 

(2) Milnor stratification : M := {^(r)*, y(r)* | r n V+ / 0}. 

Here r n 7^ implies E{t) C 7r^"'^(0). We call r the support simplex of 
E{t),V{t). If r is a subsimplex of a, we denote it as r -< a. The basic 
properties are 

Proposition 1. (1) E{P) H E{Q) 7^ if and only if{P,Q) is a simplex 

(2) Let T = (Pi, . . . , Pk) is a k-simplex and let o = {Pi, . . . , Pn) and 
a' = (Pi, . . . , Pfc, Qk+ii • • • , Qn) be (n — l)-simplices for which t < a 
and T -< o"'. Put 

E{t)1 := {u, G I = 0, i < A;, u^j ^ 0, j > k + 1} 

E{r)l, := {u,, G C^, | u,,,, = 0,i<k, u„,j ^0,j>k + l}. 

Then we have E{t)% = E{t)*^,. In particular, 
E{t)* = E{t)1 ^ C*("-'^'). 

(3) \lr^peTE{T)* is a toric stratification of E{P). 

Proof. As a unimodular matrix, takes the following form 

1 , //,. B\ 

^ ^ = Vo c) 

where O is {n—k)xk zero matri and 1^ is the kxk identity matrix. From this 
expression, it is clear that the restriction of the morphism VTg— i^^/ : C*? — )• 
C*" gives the isomorphism ttc : E{t)*^, — )• E{t)% where vrc is the toric 
morphism associated with the unimodular matrix C . The other assertion is 
obvious. See [6] for further detail. □ 

2.4. Milnor fibration. Let / be a strongly non-degenerate function which 
is either holomorphic or mixed analytic. We consider the Minor fibration 
by the second description: / : E{£, 5)* — )• D| where 

E{e,5r =Bf^r\f-\D*,) 

Bf" = {z G C" I ||z|| < e}, D| := {p G C I < |p| < 5]. 

The Milnor fiber is given by P^,e := /"^(r?) n Bf^ with / |r/| < 5. Note 
that as long as e is smaller than the stable radius £q and 5 ^ e, the fibering 
structure does not depend on the choice of e and 5. 



MIXED FUNCTIONS OF STRONGLY POLAR WEIGHTED HOMOGENEOUS FACE TYPES 



Let vr : X — )• C" be the associated toric modification. The restriction 
-K : X \ 7r^"'^(0) —7- C" \ {0} is biholomorphic. Then Milnor fibration can be 
replaced by vr*/ = / o vr : E{e, 5)* — )• Dg where 

Eie, 5)*={x£X\0< |/(vr(x))| < 6} n B, 
5, = {x|||7r(x)|| <e}. 

Note that can be understood as an e-neig hborhood of 7r"i(0). Let V be 
the stric transform of V to X. The above setting is common for holomorphic 
functions and mixed functions. 

3. A THEOREM OF VARCHENKO 

We first recall the result of Varchenko for a non-degenerate convenient 
holomorphic function /(z). Consider a germ of hypersrface V = /^^(O). 
For / C {1, . . . , n}, let be the restriction of / on the coordinate subspace 
where 

= {z I zj = 0, i ^ /}, C*^ = {z I = ^ i ^ /}. 

Let Si be the set of primitive weight vectors P = ^{pi)i£i of the variables 
{zi\i € 1} such that Pi > for all i £ I and dim A(P, f^) = | J| - 1. P £ 5/ 
can be considered to be a weight vector of z putting pj = 0, j ^ I. Then 
the result of Varchenko ([10], see also [6J) can be stated as follows. 

Theorem 2. The zeta function of the Milnor fibration of f is given by the 
formula 

The term x{P) ihe Euler-Poincare characteristic of toric Milnor fiber 
F{P)* where 

F{P)* := {z^ G C*^|/J,(z^) = 1}. 
and it is an combinatorial invariant which satisfies the equality: 

(3) x{P) = (-l)l'l-V|!Vol|i|Cone(A(P;fi),0). 

4. Revisit to the proof 

For the proof of Theorem [21 we use an admissible toric modification as 
in the proof in [6]. We will generalize this theorem for a convenient non- 
degenerate mixed function of strongly polar weighted homogeneous face type 
in the next section. For this purpose, we give a detailed description of 
the proof so that it can be used for a mixed function of strongly polar 
weighted homogeneous face type without any essential change. Let S* be 
an admissible regular, convenient subdivision and let vr : X — ?• C" be the 
associated toric modification. 
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4.1. Compatibility of the charts. Let r = (Pi, . . . ,Pk) G /Cfc_i and sup- 
pose that we have two coordinate charts a and a' such that t ~< a, a' and 
T = ana'. Put a = (Pi, ... , Pn) and cr' = (Pi, . . . , Pk,Qk+i, Qn)- We 
also assume that E{t)* g T. This imphes tt{E{t)) = {0}. Then we have 

Proposition 3. The matrix takes the form 

,-1 /4 B 
u a ^ 



O C 

where O is {n — k) x k zero matrix and C is a {n — k) x {n — k) -unimodular 
matrix. Put B = {hj). The toric coordinates are related by 



(4) 



{Ua',k+1, ■ ■ ■ ,Ua',n) = T^c{'(J'a,k+l, ■ ■ ■ ,'(J'a,n), 
= Ucr,i X YYj^i,_^i ujlj , i = 1, . . . ,k 

In particular, we have the commutative diagram 

e{t) n 



-a' 



^ £^(r)nc^, 

wherep,p' are the projections into E{t) defined byp{ua) = u'^, p'{ua') = u^/ 

where u'^ = {Ua,k+1, Ua,n) and U^, = {Ua',k+1, Ua',n)- 

4.2. Tubular neighborhoods of the exceptional divisors. First wc fix 
C°° function p{t) such that p = 1 (or t < R and monotone decreasing for 
R < t < 2R and p = for t > 2R. The number R is large enough and will 
be chosen later. For a = (Pi, . . . , P„) G /C„_i, we define ^^(uct) = p(||uo-||). 
For each exceptional divisor S = E{P)* G T, we consider the set of (n — 1)- 
simplicies /Cp = {a G /Cn-i I -P G a}. For each a, a' G /Cp, after ordering the 
vertices of a, a' as a = (P, P2, . . . , Pn) and a' = (P, P2, . . . , P^), we define 
the distance function distp from E{P) by 

distp : X ^ R, distp (w) = ^ distp,cr(w) 

(j£K.p 

distp,a(w) := /9(u<^(w))|iv,i(w)| 

where Uo-(w) is the coordinate of w in C" and := • • • ; i-i'a.n)- Put 

BxaiP) = {(O)U'(^) I 11^0-11 ^ We assume that R is sufficiently large so 
that (Jcr'eKpBR,cr'{P) = ^{P)- Note that the distance function is continuous 
on X and on X \ E{P). We put 

Ar,(i:(p)) :=dist;i([0,£]). 

Lemma 4. Suppose that a = (ai, 0:2, . . . , Q;„) G wii/t ^ 7r~^(0) anc? 
cti 7^ 0. Put a{t) = {tai,a2, • • • , /or < t < 1, = distp(a(t)) and 
S{rt) := distp"'^(rt). Then a(0) G P(P) and lim^^+o ^a(i)'S'(ci(t)) is i/ie rea/ 
orthogonal space f-*- 0/ i/ie vector v := (ai,0, ... ,0). That is, the tangent 
space TaS{a) converges to the real hyperplane when t goes to zero. 
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This lemma states that the tubular neighborhood dNi;{E{P)) behaves 
infinitesimally as 1^^,11 = constant. For the proof, see the Appendix ( ^4.5p . 



4.2.1. Tubular neighborhood ofV^r). Consider the stratum V{t) with r = 
(Pi, . . . , Pk)- Let ICr be the set of coordinate charts a such that r -< u. We 
order the vertices so that a = (Pi, . . . , P^, . . . , P„). We can write 

</K) = nJf^)...<(f^-)7(u.), 

^ where /(u^) = fA^K) + u'^ = iUa,k+l, ■ ■ ■,Ua,n) 

The function /a is by definition the face function of the face A := n^^^A(Pj). 
The second term R vanishes on E{t). Thus the polynomial /a is a defining 
polynomial of V{t) in the coordinate chart C". Take another a' G ICr and 
write cr'~ cr as in ([3]). Then we have 

n-Sf^/..K) = fln^J)7..,(u;,). 

i=l i=l 

Thus we have 

n 

(5) fra'M = fr.iO X J] ' ^ 

i=k+l 

Thus from now on, we fix an (n — l)-simplex a = (t{t) for each r and put 

Veir) = {u^ G ^(r) n | |7..(u;)| < V^}. 

We call C" i/ie canonical coordinates chart of E{t). Now for each r = 
(Pi, . . . , Pfc) G /C such that E{t)* C vr-i(O), we put 

n,{e{t)) = n,tiiV.(^(P,)), 

where N^{E{t)) is a tubular neighborhood of E{t). 

4.2.2. Truncated tubular neighborhoods. Let Pt-^ : Ni;{E{t)) — )• -E(t) be the 
projection. Recall that is defined by the simple projection u^- i— )■ 
for any chart C" with a = (Pi, . . . ,P„). Now we define truncated Milnor 
stratification as follows. The truncated strata and truncated tubular neigh- 
borhoods for the Milnor fibration are defined by 

iV,(^(r))*^=p-i(^,(r)*'-), 

Ne{y{r)r =p-hVe{rr\ 

where / Mrf' = {E{r)\N,{V{T))\^r-<AN,{Hr'))) 

1 V,{tY- = V,{t) \ Ur-,r'Ne{E{T')) 
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Thus we can write Ni;{SY^ = p^^{S*''"), using the notations 

gtr ^ l^eirr, S = E{t)\ 

\K(r)*^ S = V{Tf ■ 

Note that £'e(r)*^, ^^(r)*'^ are relatively compact subsets of E{t)* which is 
homotopy equivalent to E{t)* and V{t) respectively. Put 

N,{n-\0)) :=U^(^)^^_,(o) (iV,(^,(r))*'- U iV,(y(r))) 

Note that Nein-^iO)) is a homopy equivalent cofinal system of the neigh- 
borhood of 7r~^(0). We consider the Milnor fibration over Dg with 6 <^ e: 

7T*f : iV,,5 ^ Dl N,^s ■■= {7T*f)-\D*s) n N,{7T-\0)). 

4.3. Recipe of the proof. Step 1. First we will show that the restriction 
of TT* f : Ngr^s — >• over each tubular neiborhood Nir{SY'^ is a fibration in 
the way that each fiber is transverse to the boundary of N^ISY^' . Thus the 
restriction to the boundaries dN£{SY^ is also a fibration. 

Step 2. Then using the additive formula for the Euler characteristic and the 
corresponding product formula for the zeta function (see [6], Chapter 1), 
the calculation of the zeta function of the Milnor fibration is reduced to the 
calculation of the Milnor fibration restricted to each e-tubular neighborhood 
N^{SY^' . This fibration is again a locally product of the Milnor fibration of 
the restriction to the normal slice of S"*'' and the stratum S^^'. 

Step 3. Finally we determine the set of stata which contribute the zeta 
function (Lemma [5]). They correspond bijectively to UjSj. 

We say that a simplex r = (Pi, . . . ^P^) is of a divisor type if (up to an 
ordering of the vertices) Pi G and the other vertices {P2, . . . , P^} is a 
subset of the non-positive vertices {i?i, . . . , £"„}. A simplex r of a divisor 
type is called to be of a maximal dimensional face if A(Pi) n r(/^) is 
a maximal dimensional face of T{f^) {i.e. dim A(Pi) = \I\ — 1) where 

I = {i\Ei^T}. 

For a subset /C {1,2,..., re}, consider the set of vertices Sj of S* such 
that there exists an (re — |I|)-simplex r of a divisor type with a maximal 
dimensioanl face ( r G /C„_|/|) whose vertices are {P,Ej \j ^ /}. The key 
assertion is the following. 

Lemma 5. Take a stratum S £ Ai. 

(1) The Milnor fibration is decomposed into the fihrations restricted on 
N^{SY'^ for each S G M. This fibration is topologically determined by the 
corresponding face function. 

(2) The zeta function of the normal slice is non-trivial only if S = E{t)* 
and T = (Pi, . . . , Pfc) is of a divisor type. 

(3) The zeta function of the tubular neighborhood N^{SY''' is non-trivial if 
and only if t is of a maximal dimensional face. 
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(4) There is a bijective correspondance from 5| to Sj. 

Here the normal slice for S = V{t) implies normal plane of V{t) in the 
fixed coordinate chart cr^r) and the standard metric in this affine space. The 
proof of Lemma [5] occupies the rest of this subsection. 

Recall that in the Milnor stratification M, there are two type of strata: 
E{t)* and V{t)* wuth r = {Pi,...,Pk). Let £(r) = ^{i\d{Pi) > 0} and 
we refer 1{t) the strict positivity dimension of r. Take a (n — l)-simplex 
a = {Pi, . . . , Pn) having r as a face. We write (ui, . . . , Un) for simplicity 
instead of {u^ i, ■ ■ ■ ,Ua n), the canonical toric coordinates of C" and a = 

iPu...,Pn). 

Case 1.5' = E{t) 

As E{t) C 7r-i(0), we may assume that Pi G V+ so that d{Pi) > hereafter. 
Put A := nf^iA(Pi). TT*f take the form 

7r*f = Ui^klH, where Ui^k := 4^"^'^ ■ ■ ■ uf''''\ 
TT*fA = UiMu), /(u) = /a(u') + R{u) 

where R is contained in the ideal {ui, . . . ,Uk) and therefore it vanishes on 
E{t) n and u' = {uk+i, ■ ■ ■ ,Un) are the coordinates of E{t) n C". We 
consider the homotopy ft = Ui^kft for < t < 1 where /t(u) := /a(u') + 
tR{u). Note that fi = n* f and /o = 7r*/A is associated to the face function 
/a. 

4.3.1. Smoothness. Consider the family of the restriction of Milnor fibering 
ft : NsiS^'') n ff^{D}) pi 6 < e and their Milnor fibers Ft^sir) := 
fi~^{S) n Ns{S^'^) and S = E{t)*. By the non-degeneracy assumption, (a 
submatrix of) the jacobian matrix 

= Ui^k ^ u + t- (u), . . . , - — u) + t-—{u) . 

ydUk+l OUk+l dUn OUn J 

By the non-degeneracy, there exists k + 1 < j < n such that f^(u') 7^ 0. 
As R and j > A; -|- 1 are constantly zero on E{t), this implies that 

l^(u') / for sufficiently small e and 5 -t: e, i < k. Thus J / (0, . . . ,0) 

for any u £ -^4,5(1") with u' G 5**", as 5**" is relatively compact. So Ft^s{T) is 
also smooth. 

4.3.2. Transversality. We consider the transversality of 5 and the bound- 
ary diN.iS^"^)) at the intersection of B := d{N,{S^''))n N,S' or B' = 
diN,{S'n) n V,iS') where S' = E{t')* with r' = (Pi, . . . , P^, . . . , Put 
A' = n^iA(Pi). Let cr(T') be the fixed chart for r' and let v = (wi, . . . , Vn) 
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be the toric coordinates of for simplicity. As we are considering a 

tubular neighborhood of polydisk type, 

S ={v| |distPi(v)| = e, k + 1 < i < m} or 

B' ={v| |distp;(v)| = e, k + 1 < i < m, |fA'(v")| = Ve}- 
By ^ for some integers mi,i = m + 1, . . . ,n, 



Putting Uk 



/a'(v")=/a'(u") n 

i—m+l 
d{Pj) 



mi 



rrii G 



, m 



1 < i < n. 



lj=k+i 



we can write further that 



(6) 



+i,m — n' 

Uu) = Ui,kft{u) 
Mu) = /a(u') +tR{u) 

= Uk+l,m (/a'K) + R'{u') + tR{u] 

7a(u') = Uk+l,m (7a'(u") + R'iu'] 

/t(u) = Ui,kUk+i,m (7a'(u") + R'{u') + tR{u 

R = Ui^kUk+l,mR 

where u" = (nm+i, • • • , Un) and R' in the ideal generated by Ufc+i, • • • , Um- 
Note that -R(u) is in the ideal generated by {uiUj \ i < k < j < m}. Thus 
the transversality follows from the fact that the jacobian submatrix 



d{?R:ft, Q^ft, distpi^^^ , . . . , distp„ 



^ctI ~I~ lyaj 



f^(^crl ) Hal • • • ; Xami Uam) 

has rank m — k + 2. For the proof of this assertion, we use the polar coor- 
dinates as follows. 

Assume that S' = V{t') is non-empty, i.e., namely dim A' > 1. Put 
g := /a'(v")- On a neighborhood of a chosen point Uq G 5V^(r')*'', by the 
non-degeneracy of / on A', (7 can be used as a member of a coordinate 
chart. For example, we may assume that there exists an open neighbor- 
hood U{vP), U° = (m?, . . . ,M^,U^') such that (ui, . . . ,Um,g,Vm+2, . . . is 

a coordinate chart on U{\i^) and {g,Vm+2, ■ ■ ■ j^n) is a coordinate chart of 
U{vS') n E{t'). We use the polar coordinates for Uk+i, ■ ■ ■ ,Um, g. So put 

■"1 = Xal + iyal 

Uj = pje^^\ j = k + l,...,m, g = pgC^^' 
The tranversality can be checked using the subjacobian with respect to 

{Xal,yal, Pk+l, ■ ■ ■ ,Pm,Pg)- 

Assertion 6. Under the above notations, we have 



rank 



(9(5}?ft,9ft,distp^+i, 



> distp„ 



d{Xal,yal, Pk+l, ■ ■ ■ , Pm, Pg) 



m 



k + 3. 
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For the proof, see §4.5.21 in Appendix 14.51 

Remark 7. Assume d{Pi) > for some 2 < i < k. Then the Milnor fiber 
Ft^s o,lso intersects with the boundary of the tubular neighborhood: distpj = 
e. The transversality with this boundary is treated considering it as the 
transversality of the Milnor fiber in the stratum E{t'Y'^, t' = t \ {Pi} with 
dNi;{E(T)Y'^ . Thus this case is treated in the pair t' -< r. 

Thus we have observed that the Milnor fibration of vr*/ is the union 
of fibrations restricted on NeiSy and dNeiSy with S = E{tY'' or S = 
V{tY^ with T = (Pi, . . . , Pm)- Using the homotopy TT*ft, this restriction 
is equivalent to the fibration defined by 7r*fA where A = n,^^]^A(Pj). This 
proves the first assertion (1). 

4.4. Zeta functions. Next, we consider the assertion for the zeta function 
(2). 

4.4.1. Case 1. Stratum 14 (r). We first consider the stratum Vs{t): Let 
V's '■ ^ei^eiT)) ~^ ^ei^) be the projection of the tubular neighborhood. 
At each point x £ ^(r)*^', the Milnor fibration is homotopically defined by 
vr*/A = /a (A = n*^=iA(Pi)). Recah that 

k 

/A(u)=n^r'^x7A(u') 

i=l 

Put g = /a(u')- Take a point x G V(t). Assume / for example. 

Then we may assume that locally {g, Uj^j^2-, • • • ; Un) is a coordinate system of 
a neighborhood, say U{x) of x G V{t) and also (ui, . . . 5,^^+2, . . . ,Un) 
is a coordinate system of the open set njL]^{|nj| < ry} n tI)^^{U{x)). By the 
relative compactness of the trancated strata y(r)*'', we may also assume 
that e ^ r/ so that 

nti{distp, < £} n ^/'s Hu(x)) c n|Li{|ui| < 77} n Vs '(U(x)). 

In the normal slice of x, ui, . . . ,Uk,g are coordinates. The Milnor fiber re- 
stricted on Ns{V{tY^) is locally equivalent to the product of U{x) and the 
Milnor fibration of the polynomial h = gY\i=iul^^^^ (=the definig polyno- 
mial in the normal slice) in C^"*"^. Namely the fibration 

/a : N,{V{Tf) n N,^s n ^PsHu{x)) ^ D*s 
is isomorphic to the product of U{x) and the restriction to the normal slice: 

fA,x-4's'i^)'^^e,5^Dl 

We consider two tubular neighborhoods: 

Ne{E{Tf) = {u I distPi(u) < e, i = 1, . . . , k} 
N,{E{TYn' = {u\\ui\ <e,i = l,...,k}. 
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By the cofinal homotopy equivalent argument, we can consider the normal 
Milnor fibration in the latter space and we see easily that the fiber is given 
by 

k 

Fs = {{ui, ...,Uk,g) \ gW_uf'^''' = (5, l^l < y/e, \ui\ < e} 

1=1 

and it is homotopic to {S'^Y where 6 <^ e and £ is the strict positivity 
dimension of r. As V{t) C -7r~^(0), £ > 1. Thus the Euler characteristic 
of Fs is also zero and the monodromy is trivial. There are no contribution 
from this statum to the zeta function. 

4.4.2. Case 2. Stratum S = E(tY^. Now we consider the Milnor fibering 
on the tubular neighborhood over the strata S = E{tY'^ . We have seen 
that the Milnor fibration of / is again isomorphic to the fibration defined 
by /a and the latter is locally product of the base space and the Milnor 
fibration of the restriction to the normal slice. This normal slice function is 
locally described by the product function uf'^^^ • • • u^j^''^ f^iu'). The factor 
/a(u') is a constant on the normal slice u' = const. We know that the 
fiber in this normal slice is homotopic to gcd((i(Pi), . . . , (i(Pfe)) copies of 
{S'^Y~^ where £ is the strict positivity dimension of r. See for example [6j. 
Therefore the Euler characteristic of this slice Milnor fiber is non-zero if 
and only if £ = 1. This implies r is of a divisor type. Assume for example 
that d{Pi) > and d{Pi) = 0, 2 < i < k. This implies Pi = E^,^i) for 
i = 2,...,k and r = {Pi,E„(^2),- ■ ■,K{k)) and A(Pi; /^) is a face of r(/-^) 
where / = {1, . . . , n} \ {j^(2), . . . , z^(fe)}. The Milnor fiber F* restricted to 
this stratum is defined by 

F; = {u I nf ^^)7a(u') = 6,u'e E{tY'} 

is hototopically d{Pi) disjoint polydisk of dimension k — 1 defined by {ui = 
^i/d{Pi) ^ l^^.j < 5^ j = 2, . . . , A;} over (0, u') with u' = (n^+i, . . . , u^n)- Thus 
the zeta function of the Milnor fibration of the normal slice is (1 — t'^^^'^^) 
and thus by a standard Mayer- Vietoris argument, the zeta function of the 
Milnor fibration over this stratum is 

(7) Cs(t) = (l-t'^''^))^(^^")*). 

Now the proof of Lemma [5] reduces to: 

Lemma 8. Assume that t = (Pi, . . . , as above. Then xiE{Ty) ^ 

only if A := A(Pi) Pi is a face of maximal dimension of T{f^) where 

1 = {l,...,n}\Ml),...,,{k)}. 

Proof Put / = {1, . . . , n} \ u{k)}. Then 

x{E{rr) = xiHrT \ V{r)) = -x(V^(r)*) 
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as E{t)* ^ c*'^ri-k)_ As cr = (Pi, . . . , P„) is a unimodular matrix, P := P( 
is a primitive vector and A = A(Pi) n M.^ and /a is nothing but {f^)p- 

Vir)* = {u = (m, . . . ,^/„) I u G Eir)*, fp,{u') = 0} 
^ {z^ G C*^|/i,(z^) = 0} 

where u is a (n — l)-simplex with a = (Pi , . . . , P„) and the Euler characteris- 
tic of the variety {z^ G C*^ | /^(z^) = 0} is non-zero if only if dim A = n — k 
with A = A(Pi) n (See for example. Theorem (5.3), [S]). □ 

4.4.3. Correspondence of Si and Sj. For a fixed I C {1, . . . , n} with |/| = k, 
let us consider the set of vertices Sj which is the set of vertices P G such 
that there exists a simplex r = (Pq, . . . , Pfc) G /Cfc, Pq = P of a divisor type 
with a maximal face such that Pj = Ey(^j-^ for j = 1, . . . ,k, I = {^'{i), i = 
1, . . . ,k} and A = A(Pi)nM^. As r is a regular simplex, the / component P^ 
of P is a primitive vector such that A(P-'', f^) = A and d{P^ , f^) = d{P, /). 
The proof of Theorem [5] is now completed by the following. 

Proposition 9. There is a one-to one correspondence of Sj and Sj by 

^■.S'j^Si, P^ P^. 

Proof. We check the surjectivity of ^. Take a face H of r(/^) of maximal 
dimension. Consider the set of covectors S*(H) = {P| A(P) D H}. It is 
obvious that Ei G S*(S) if i ^ I. Then there exists a vertex P ^ of 
S* such that {P, Ei\i ^ 1} is a simplex of JC. Then A(P) n R-^ = H and 
P^ is primitive. Thus P^ G Sj. Assume that P,Q £ S*(H). The cone of 
S*(H) has n — |/| + 1 dimension. The cones spanned by {P,Ei \ i ^ 1} and 
{Q, Ei\i ^ 1} have dimension n — 1/| + 1 and thus they must contain an open 
subset in their intersection. This is only possible if P = Q. This proves the 
injectivity. □ 

4.5. Appendix. 

4.5.1. Proof of Lemma Put J = {j \ otj = 0} and / = {1, . . . , n} \ J. As 
a ^ 7r^^(0), this implies {Ej | j G J} are vertices of a. Then we restrict the 
argument to C''^ and Thus we may assume for simplicity that aj ^ 
for I < j < n. Then using the equality u^'^i = U(^,iYYj=2^^J'j putting 
Pi = \ua,i\ = ^Jx%l +yl,i, we get 
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where ao-' = (a'li • • • ) c^n) = '^a'-^ai'^) ^o-j ~ ^o-j + V^J ^- Here o(ri) 
is by definition a smaller term than pi when /Oi — ?• 0. This implies that in 
C" with real coordinates {x„^i,y„^i, . . . , Xa,n,yan), 

graddistp(a(t)) = {/3p-,/3^,0, . . . ,0) + 0(t), namely 

|ai| |ai| 

graddistp(a(t)) (/3^, /3-^, 0, . . . , 0) 

|ai| |q;i| 

with ai = ai + bii, 

n 

cr'G/Cp.crYo- j=fc+l 

This proves the assertion. 

4.5.2. Proof of AssertionWi Fix a point uq G ^^^(r')*^ Put f/i,™ = HIli uf 
and ui = X(ji + ii/ai- Recall that 

m 

Mu) = /t(u) n /i(u) = /a'(u") + R'iu') + tR{u). 

Recall that R'{u') does not contain ui, . . . ,Uk and contained in the ideal 
generated by (ufc+i, . . . ,itm) and R is contained in the ideal generated by 
UiUj, i < k < j < m. First note that 

1^ = C^i,m^j(u) i = k + l,...,m, g 
J.M = ^ (7a'(u") + R'{u') + tR{u)) + t^, 
JyA^) = i'-^ (7a'K) + R'iW) + tR{u)) + it^, 



J,(u) = ^ ( 7a,(u") + ii'(u') + ii?(u)) + ( ^ + ,k + l<i< 



dri ~ dri 



J,(u) = l + tMH) 



Note that the respective orders of /a'(u") and rj, k + 1 < j < m are -y/e 
and e. The second term of Jj, i ^ g is at most e. Thus the main term of Jj 
is ) g^j^jj |-]-^g order is 4=. The order of Jg is 1. Thus we observe 

that 

Xr ■= (-^ g/t dft ^^^ 

■ dx^i ' ' drk+i ' ' ' ' ' (9rm ' Si's ' 

proj (d{Pl) -diPl) d(Pm) d{Pm) QN 

Here a ~ b implies lim£_j>o a/||a|| = lime_>o t)/||b|| in the projective space. 
Xc is a complex vector. As a real matrix, this corresponds to 2 x {m — k + 2>) 
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real matrix: 



ddift 9K/t mft ^dft ddift . . 

9s/t as/t as/t as/t | \X2 

dx^i ' 9j/o-i ' drk+i ' • • • ' 9rm ' 9rg 



by = Xi + 1X2 ■ Let us write the first 2 x 2- minor of tliis matrix: 

X21 X22 J \ ^^/t Q^/t / 



That is, 



[Xn + ZX21,2;i2 + iX22) = (- 



pro] 



By Lemma m we see also that 

/ (9distpj 5distpj 9distp. 5distp. 9distpj ^ ^ 0) 

for any /c + 1 < i < m. 

Therefore the rank of Jacobian matrix is infinitesimally equivalent to the 
rank of 

^(^/f , ^/f , distp^^^ , ■ ■ ■ , distp„^ , rg) 

d{x^i,y„i,rk+i, . . .,rm,rg) 

l^{d{Pi)/ui) 3f?(id(Pi)/ni) * 
{^{d{Pi)/ui) ^{id{Pi)/u^) 

\ Im-k+l^ 

in the projective sense for each raw vectors. Put d{Pi)/ui = a + Then 
the upper left 2 x 2-matrix A is nothing but 

^ = {1 

\p a 

and det A = q^+/3^ 7^ 0. This is enough to see that the rank of the Jacobian 
is m — k + 2,. This proves the transversality. 

4.5.3. Cofinal homotopy equivalent sequence. Let X be a manifold and let 
{Ej}, {Ej},j G N be a decreasing sequence of submanifolds such that the in- 
clusions : Ej+i Ej, and L'J_^_l : E'j^-^ ^ E'- are homotopy equivalence. 
Suppose further that 

E'j^i C Ej j^i C E'j C Ej. 

Then the inclusions ^j+i : i^j+i ^ E'- and i'jj^i ■ ^j+i C -Ej+i are homotopy 
equivalences as ^j+io^^-^-^ = l'j^^ and ^'joS^j+i = ij+i- Furthermore suppose 
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that they are total spaces of fibrations over the same base space Z with the 
commutativity in the following diagram: 

^^+1 ^i+i ^ ^ 

p q p q 

z = z = z = z 

Then the corresponding fibrations are also homotopy equivalent. We refer 
this argument as a cofinal homotopy equivalent sequence argument. 

5. Mixed functions 

5.1. Main result. Now we are ready to state our main result. First we 
prepare: 

Proposition 10. Assume that /(z,z) is a convenient mixed function of 
strongly polar positive weighted homogeneous face type. Then for any weight 
vector P, fp is also a strongly polar positive weighted homogenous polyno- 
mial with weight P. 

Proof. The assertion is proved by the descending induction on dim A(P). 
The assertion for the case dim A(P) = n — 1 is the definition itself. Sup- 
pose that dim A(P) = k and the assertion is true for faces with dim A > 
+ 1. In the dual Newton diagram, P is contained in the interior of 
a cell, say H, whose vertices Qi,...,Qs satisfy dim A{Qj) > k + 1 loi 
j = 1, . . . , s. This implies P is a linear combination ^* aj Qj with aj > 
and d\mA{Qj) > A; + 1. This also implies that A(P) = n^^^ A(Qj). Write 
/p(z,z) = Cfcz'^'=z^'=. As fQ. is polar weighted homogeneous polynomial 
with weight Qj, we have the equality: pdegQ^.z'^^z'^* = nij for j = 1, . . . , s 
where nij a positive integer which is independent of k. This implies fp 
is polar weighted homogenous polynomial of weight P with polar degree 
Ej=i ajrrij > 0. □ 

We take a regular convenient simplicial subdivision E* of r*(/) (=regular 
fan) and we consider the toric modification tt : X C"" with respect to S* 
as in §2. Let 5/ be as in §2. Now we can generalize the theorem of Varchenko 
for the mixed polynomial /(z,z) as follows. 

Theorem 11. Let /(z,z) a convenient non- degenerate mixed polynomial of 
strongly polar positive weighted homogeneous face type. Let V = f^^{V) be 
a germ of hypersurface at the origin and let V be the strict stransform of V 
toX. Then 

(1) V is topologically smooth and real analytic smooth variety outside of 

(2) V{t)* is a real analytic smooth mixed variety for any t & IC. 

(3) The zeta function of the Milnor fibration of f{z, z) is given by the formula 

((t) = n oit), (lit) = n (1 - tp'^^^(^'^i>))-^(^)/p^^^(^'^^) 

I PeSi 
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Proof. The proof is essentially the same with the proof of Theorem [2l given 
in the previous section. We fix a toric modification vr : X — )• C" associated 
with a regular simplicial suddivision S* as in the holomorphic case. Take 
a strata S = V{t)* or S = E{t)* with r = and put H = 

n^^]^A(Pj; /). Let us take first a toric chart a = (Pi, . . . with t ^ a 
with toric coordinates u = (uo-i, • • • , "Uo-n)- For simplicity, we write u^j = Uj 
hereafter. The pull-back tt*/ takes the following form. Put rj = rdegp.f 
and pj = pdegp^J for j = 1, . . . , k. 

^j+pj ^j~pj ^ 

(8) vr*/ = n ■=! ^J^nJ^ X /(u, u) 

(9) 7(u) = 7A(u',u') + i?(u,u) 

where u' := (ufc+i, . . . , u^). The term /a^'^', u') is a mixed polynomial which 
does not contain the variables ui,. . . ,Uk by the strong polar weightedness 
assumption. Namely we have 

vr*/A(u,u) = J_|uj. 2 2 x/a(u',u). 

i=i 

We will first see that V{t)* is real analytically non-singular and V is topo- 
logically non-singular on this stratum. First we assume that i2(u, u) is a 
continuous function such that the restriction of R to E{t)* is zero for a while. 
Thus we see that V{t)* = {(0, u') | /a(u', u') = 0}. For any x' G V{t)*, 
put X = (l,...,l,x') G C™. Then x G vr*/^i(0) = f^^{0) and by the 
non-degenracy assumption of / on the face A, x is a non-singular point. 
That is, there exists a. j, k + 1 < j < n, such that ^^(x) 7^ 0. This implies 

that V{t)* is non-singular at x'. Now we consider ui, . . . ,Uk as parameters 
and by Implicit function theorem, we can solve /(u) = in uj so that uj 
is analytic in {ui ;i^j,k + l<i<n} and continuous in ui, . . . ,Uk- This 
implies that V is topological manifold. This proves the assertions (1), (2). 

Now we consider the Milnor fibration. The second term -R(u, u) in ^ is 
a linear combination of monomials of the type with 

tti + bi > 0, i = 1, . . . ,k, 

aj,bj '>0, k + l<j<n. 

Here ai,bi might be negative for i < k. See Example 15.1.31 However 
the inequality Oi + bi > is enough to see the continuity of R{u, u) and 
limu^._j.o -R(u, u) = for any 1 < i < k. See also the polar coordinate 
expression below for further detail. Thus the function is a continuous 
blow-analytic function in the sense of Kuo [3]. We put /t = /a + tR as 
before. We use the notations: 

j=i i=i 
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To show that the Milnor fibration is weh-defined for any < i < 1 by 
over this stratum and it is isomorphic to that of /o = /a, we use the polar 
toric coordinates. So put Uj = pje^^^ for j = I, . . . ,k. By the strong polar 
weighted homogenuity, the function takes the following form 

(10) 7T*fip, e, u') = p['... pi'e^p-'^ ■ ■ ■ e'f'=^v(p, e, u') 

(11) f{p, e, u') = 7a (u') + R{p, 9, u') ^where 

(12) 7r;/A(p, e, u') = p['... p'-^e^^^'^ ■ ■ ■ e^P^^'=7A(u') 

and u' = {uk+i, . . .,Un), p = {pi, ■ ■ ■ , Pk) and 6 = (6*1, . . . ,6*^). We put 
ft = p['... pl'e'P^'^ ■ ■ ■ e'P^^'^ft, ft := /a + tR. 

The reminder R is an analytic function of the variables {p, 6, u') and con- 
tained in the ideal generated hy pi, . . . , p/^. This implies that = on V{t). 
The tubular neigborhood N(S) is defined by 



Ne{S) : 



distp.(u)<e,j = L...,k, ^S = E(r)* 

distp, (u) < £, j = 1, . . . , k, IIaI <V^,S = V(t) 



The Milnor fiber Ff^s of /* in this neighborhood is defined as: 

pri... pn^ipie, . . . ^ip,e, ^ ^^^^^ ^> ^/^^ ^ ^ 

where p = {pi, . . . , pk) and 9 = {6i, . . . , Ok), Pj < s, 1 < j < k and (5 <C £. 

5.1.1. Smoothness. First, we will show the smoothness of the Milnor fiber 
of ft- Take any Ug = (uQ^k+i, ■ ■ ■ ,uo,n) € S and Uq G Ff^s with uq = 
(«io, . . . , uii-Q, Uq). By the non-degeneracy assumption and the strong-polar 
weighted homogenuity, the jacobian matrix 

J>kfA •= ^(^/a.S/a) 

diXk+l,yk+l, ■ ■ ■ ,Xn,yn) 

has rank two. Thus 

J>k{ft) = P? • • • Pl'e'^^'^ . . . e'P'^'HJykifA) + t J>fc(i?))(uo) 

and the second term of the right side is smaller than the first. Thus J>k{ft) 
has rank two over an open neighborhood U (uq) if S <^ e. As Sl^ is relatively 
compact, we can cover by a finite such open sets. 

5.1.2. Transversality. We consider the transversality of F^^g and the bound- 
ary dNeiS*'') at thejntersection of S := dNe{S^'')r\NeS' or B' = dN^{S^'-)n 
VeiS') where S' = E(t')* with r' = (Pi, . . . , Pfc, • • • , Pm)- We use the canon- 
ical toric chart of r' and let u = {ui, . . . ,Un) be the coordinates for 
simplicity. The boundaries are described as follows. 

B ={u I distp;(u) = e, k -I- 1 < i < m} or 
B' ={u I distp;(u) = e, k -M < i < m, |fA'(u")l = V^}- 



MIXED FUNCTIONS OF STRONGLY POLAR WEIGHTED HOMOGENEOUS FACE TYPE9 



The argument is almost similar as that of the holomorphic case. So we 
consider the case B' . Thus we assume that S' = V{t') is non-empty, i.e., 
namely dim A' > 1. Put g = /a'(u") where u" = [um+i^ ■ ■ ■ tUn)- If 
^(t') 7^ 0, on a neighborhood of any point Uq G B\ by the non-degeneracy 
of / on A', g can be used as a member of an real analytic complex coordinate 
chart. For example, we may assume that there exists an open neighborhood 
C/(uq) such that (ui, . . . , Um,g, 'Wm+2, ■ ■ ■ , Wn) is a real analytic complex 
coordinate chart on U{uq). Here {g,Wm+2i ■ ■ ■ -.Wn) is real analytic complex 
coordinates of U{uq) r\E{T'). See the next subsection for the definition. We 
use further the polar coordinates 

Uj = Pje'^' ,j = l,...,m, g = pgc'^^ 

p= {pi,. . . ,pm),0 = {01,..., 9m), W= {Wm+2, ■ ■ ■ ,Wan)- 

The expression of ([6|) is now written as follows. 

ftiu) = {UT=ip7^'''''') ft{p,0,pg,dg,y,) 

= p^e^^« + R'iPg, Og, W) + tRip, e, Pg, Og, w) , 



(13) 



Note that R' and R are real analytic functions of variables pg,9g,Mv and 
p, 0, Pg, 9g, w respectively and the restriction of R' . Note that R', R are not 
analytic function in the variables ui, . . . , Um- Here is the advantage of using 
polar coordinates. Theoretically this is equivalent to consider the situation 
on the polar modification along Ui = 0, i = 1, ... ,m in the sense of [9j. 

For simplicity, we assume that d{Pi) = ri > 0. Put ui = x^i + ii/ai as 
before. Put 

Ui,m = UT=i P? = UT=2 p7 e'^^'^ ■ 
We do the same discussion as in the case of holomorphic case. Consider the 
Jacobian of ft with respect to variables {xo-i,yai, Pk+ii • • • > Pm, Pg}- Recall 
that ^ is a Laurent series in the variable ui , ui but it only contains mono- 
mials u™^m"^ with mi + 111 > 1. Thus |^r^| and |^^| is bounded from 
above when is small enough. Thus as a complex vector, 

/ dft dft dft dft proj a b . a . b rk+i 

'a ~ ( ^ « — , — ,0) 

OXal OVal Opk+l Opg Ul Ul Ul Ul Pk+l Pm 

Put = a + (3i. Then the 2x2 real matrix A of the first two coefficents 
( as in the holomorphic case corresponding ) is 



A 



'a{a + b) -/3{a + by 
^j3{a — b) a{a — b) 

and we see that detA = {a? — b'^){a'^ + / as a — 6 = pi > 0, 
by the positive polar weightedness. We consider the Jacobian matrix of 
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{K/4,9/4,distp^+i, . . . ,distp^, |g|} in the variable {xai,yai, Pk+i, ■ ■ ■,Pm,Pg]- 
Under projective equivalence for each gradient vector, we get 

^dft, distp^+i, . . . , distp^, |g|) proj (A * 



d{Xal,yal,Pk+l,---,Pm,Pg) \^ 

This matrix has rank m — A; + 3 as is expected. Thus the transversality 
follows. 

The proof of Theorem [11] is now given by the exact same argument as that 
of Theorem [2j By Key Lemma below, the contribution to zeta function is 
only from the strata i?(r)*^' where r = (Pi, . . . , Pk) is a simplex of maximal 
face type. □ 

5.1.3. Example. Consider the mixed function 

/(Z,Z) = zfzi + zlz2 + zl 

/ is a non-degenerate mixed function of strongly polar weighted homoge- 
neous type. Then an ordinary blowing up vr : X — )• is the associated 
toric modification. Let us see in the chart a = {P, E2) with P = *(1, 1). Let 
(m, v) be the toric chart. Then we have 

7r*/(u, v) = u^u [v^v + 1^ — 



and R = u^v^ /u. We see is a continuous blow-analytic function but not 
C"^ in u. 

5.2. Key lemma. Let fi, ■ ■ ■ , fn be complex valued real analytic functions 
in an open set U C C". We say that (/i, . . . , /„) be real analytic complex 
coordinates if (JR/i, . . . , JR/n, are real analytic coordinates of U. 



are 



Lemma 12. Let /(g,g) = gl^ ■ ■ ■ g/ ■ Assume that {gi,...,gi 
locally real analytic complex coordinates of (C^,0) and rj ^ pj for each 
j = Let qj = rj + pj, qj = rj - pj and put qo = gcd(gi, ...,qe). 

Then the Milnor fihration of f exists at the origin and the Milnor fiber F is 
homotopic to qo disjoint copies of {S^Y~^ and the zeta function is given by 



£>2. 



Proof. Let qj = rj—pj and consider the linear C* action (t, g) 1— )• {tgi, . . . , tgi). 
Then / can be understand as a polar homogeneous polynomial in gi, . . . , g£. 
For the Milnor fibration, we can use the polydisk B'^ which is defined by 

K ■■= {{gi,---,ge) \ \gj\ <e, j = !,...,£}, 

as {i?^; e > 0} is a homotopy equivalent cofinal neighborhood system of the 
point 0. Note that B'^ is diffeomorphic to the usual complex polydisk 

{{zu...,zi) eC^\\zj\ <e, j = !,...,£}. 
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Using this action and polydisk B'^, the Milnor fibration can be identified 
with 

f:B',nrHD*s)^Dl 0^5«e 

where Ds = {p € C\\p\ < rj} and D} = Ds \ {0}. Put gj = rje'^^, j = 
!,...,£. The Milnor fiber is given by F = f~^{6) n B'^ = Uf^^Fj (disjoint 
union) and 

Fj ={{gi, . . . I rf • • • rf = 6, {Oiqi + ■■■ + 9eqe)/qo = 27r + 

^{S'Y-\j = l,...,qo. 

The monodromy map is given by the periodic map 

h:F^F, (51, ...,gi)^ (516^"'/'^°,. . . ,5£e2-/^») 

Thus we can see easily F ~ (5^)^^"*^ and the zeta function is trivial (Theorem 
9.6, [4J). 

□ 

5.3. An application and examples. 

5.3.1. Holomorphic principal part. Consider a holomorphic function g{z) 
which is convenient and non-degenerate. Let R(z,z) be a mixed analytic 
function such that T{R) is strictly above T(g), i.e. T(R) C Int(r_|_(f)). Con- 
sider a convenient non-degenerate mixed function /(z,z) = g{z) + R{z,z). 
Then the Milnor fibration is determined by the principal part and therefore 
isomorphic to that of 5r(z). Thus the Milnor fibration does not change by 
adding high order mixed monomials above the Newton boundary. The proof 
can be given by showing the existence of uniform radius for the Milnor fi- 
bration of ft := g + t R, using a Curve Selection Lemma ([H [2]). We just 
copy the argument in [9] for a family ft, < t < 1. 

5.3.2. Mixed covering. Consider a convenient non-degenerate mixed analytic 
function /(z, z) of strongly polar weighted homogeneous face type. Consider 
a pair of positive integers a > 6 > and consider the covering mapping 

Put (7(w, w) = /((/3(w, w)) = f{wfin\, . . . ,w'^iv^^). Consider a face function 
with respect to P, /p(z,z) with P = (pi, . . . ,Pn). It is a strongly polar 
positive weighted homogeneous polynomial with weight vector P. Thus it 
is a linear combination of monomials z^'z^ which satisfies the equalities: 

n n 

^Pi{i^i + Pi) =rdeg/ "^Piii^i - Pi) = pdeg/. 

i=l i=l 

Then we can observe that gp(w,w) = fp{ip{w)) is a linear combination of 
mixed monomials ■w"'^"'"'''^w'^^'*'^'^ . Thus we have 

rdegpw'^''+^^w"^+'"^ = {a + 6)rdeg /, 

pdegpw'^''+^'^w'^'^+'"^ = {a- 6)pdeg/ 



22 M. OKA 

which imphes that gp is a stronly polar weighted homogeneous polynomial 
of the same weight P with radial degree rdeg / x (a + 6) and polar degree 
pdeg/(99(w)) = d{P, f){a — b). gp is also non-degenerate as ip : C*" — )• C*" 
is an unbranched covering of degree (a — b)"'. Therefore the dual Newton 
diagram of g is the same as that of /. 

Let vr : X — )• C" be an admissible toric modification. We use the same 
notation as in the previous section. For each P E 5/, consider the mapping 
ip^ := iflt^i and its restriction to F{gp): 

C*^ ^ C*^ 

L i 

F*{g^p) ^ F*U'p) 
Here the toric Milnor fibers are defined by: 

F*(5|>) = {wGe^|5:^(w^w^) = l} 
i^*(/^) = {w|/^(z^) = l}. 

Put x{PJ) = x{F*{fp)) and x{P,9) = x{F*{g'p)). As ^'p is a (a-6)l^l-fold 
covering, we have 

Proposition 13. 

(14) x{P,9) = {a-bpx{PJ), 




vdegpg = (a + 6)rdegp / 
pdegpgp = {a- 6)pdegp fp 



From this observation, we have 

Theorem 14. Let g{w,'w) = /((/?(w, w)) and assume that /(z,z) is con- 
venient non- degenerate mixed function of strongly polar positive weighted 
homogeneous face type. Then g(w,w) = /((/?(w, w)) is a non- degenerate 
mixed function of strongly polar positive weighted face type. The zeta func- 
tions of the Milnor fiberings of f and g are given by 

Q{t) =Yi(fj{t), Cf,i = n (1 " tp^"^^-^^)^(-^'-^)/p^"^^^^ 

/ PeSi 

Qit) = ll^9At), CgAt)= J] (l-tPd™)>^(^'^)/P<i^S^^^. 

Furthermore Cgit) is determined by that of Cf(t) using the above Proposition 

5.3.3. Case a — b = 1. . We assume that a — b = 1. Then Theorem 1141 says 
that C/(0 = Cgi'f^)- In this case, ip : C*" — >• C*" is a homeomorphism which 
extends homeomorphically to C" — )• C". This suggests the following. 

Corollary 15. Assume a — b = 1 in the situation of Theorem\14\ 

(1) The Milnor fibrations of f(z,z) and g{w,w) are homotopically equiv- 
alent and the links are homotopic and their zeta functions coincide. 
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(2) If in addition, f = fp is a strongly polar weighted homogeneous 
polynomial, the Milnor fibrations f, g are topologically equivalent and 
the links are homeomorphic. 

Proof. First, by Theorem 33 ([9]), / and g have stable radius for their Milnor 
fibrations (in the first presentation). Take a common stable radius rg > 0. 
For ro > r > 0, put 

B; = \ {0} = {z G C" I ||z|| < r, z / 0} 

Krif) = f-\0) n Kr{g) = g-Ho) n S^"^ 

v;{f) = f-Ho) n b;, v;{g) = g^Ho) n b;. 

Then the following fibrations are obviously equivalent to the respective Mil- 
nor fibrations: 

f f/\f\: B;\v;{f)^s^ 

\ g/\g\ : B;\V;{g)^S' 

Our homeomorphism preserves the values of g and /. For any r < tq, we 
can find a decerasing sequence of positive real numbers < tq, i = 1,2,... 
so that (p{B*J D B;^^^^ and 

^{{B:.^^,V;{g))) D 3 

By the cofinal homotopy equivalence sequence argument, 

cp : {B*,^,V;jg)) ^ K;_„o(/)) 

is a homotopy equivalence. 

Assume now that / = /p is a strongly polar weighted homogeneous poly- 
nomial. Recall that we have C*-action defined by t o w = {wit^^ , ■ ■ ■ , Wnt^") 
and toz = {zit^^, . . . , Znt^"). Put d = pdegp/ = pdegpg. The monodromy 
mapping of the global Milnor fibrations are given by 

hg : F{g) ^ F{g), w ^ e^/-^ o w, 
hf : F{f) ^ F{f), z^e^/'^ow 

where F{g) = ^"-^(l) C C" and F{f) = f~^{l) C C". As is easily observed, 
we get the equality ip{hg(\v)) = hf{ip{w)). More precisely the equivalence 
of the global fibration follows from the diagram: 

C"\ 5-1(0) ^ C"\ 7-1(0) 

9 f 



and if is S'^-equivalent. Now we consider the links on the unit spheres 
K/ = {zgC"|||z|| = 1, /(z,z) = 0}, 
Kg = {-weC'^\ ||w|| = 1, g{w, w) = 0}. 
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The mappining (p does not keep the norm. So we need only normahze it. 
This follows from the following observation for M^-actions: 

ip{t o w) = t2^+^ o (/5(w), t G M+. 

This equality implies that if maps a M^-orbit to a M^-orbit. The hypersm'- 
face /~^(0) and g~^(0) are invariant under this action. For any non-zero z, 
along the orbit z(t) := t o z. ||z(t)|| is monotone increasing for < t < oo. 
Let us define the normalization map tp : \ {0} — )• 5"^""^ by ip{z) = z(r) 
where r is the unique positive real number so that ||z(r)|| = 1. We define 
the homeomorphism if : Kg — )• Kj by ^(w) = '(/'((^(w)). This proves the 
second assertion. □ 

5.3.4. Holomorphic case. The most interesting case is when /(z) is a non- 
degenerate holomorphic functon. Obviously /(z) is of strongly polar weighted 
homogeneous face type. 

Theorem 16. Let f{z) be a convenient nondegenerate holomorphic function 
and let ^(w, w) = /((/?(w, w)), (/^(w, w) = {wfilj\, . . . , w^iv^). Then (w, w) 
is a non-degenerate mixed function of strongly polar positive weighted homo- 
geneous face type. 

If a — b = 1, the Milnor fiharation of g is homotopically equivalent to that of 

The mixed functions ^(w, w) obtained from non-degenerate holomorphic 
functions through the pull-back by a mixed covering ip give many interst- 
ing examples of non-degenerate mixed functions of strongly polar weighted 
homogeneous face type. 

5.4. Examples. (1) Consider the following strongly polar homogeneous 
polynomial (Example 59, [9]) 

gt{y^, w) = —2w\wi + w\w2 + tw\'W2- 

For t = 0, go is pull-back of /(z) = —2zi + by the mixed covering 
mapping : — )• with ipiy^) = {w\w\^w\'W'2). Thus g^ is equivalent to 
the trivial knot / = and F is contaractible and = (1 ~ by Theorem 
[T4l On the other hand, for t > 1, we know that gt is non-degenerate and 
X{F*) = -3, x{F) = -1 and ({t) = (1 - This shows that there are 

mixed functions of strongly polar weighted homogeneous face type which 
are not the pull-back of holomorphic functions. 

(2) Consider the moduli space A4{P,pab, {p + 2r)ab) of convenient non- 
degenerate strongly polar weighted homogeneous polynomials /(z, z) of two 
variables z = {zi,Z2) with weight P = {a,b), gcd(a, 6) = 1 and pdegp/ = 
pab, rdegp/ = {p + 2r)ab. Here r is a positive integer. Put /is(z, z) = 
I Zip'* + |^2p''- Consider the polynomials 

p s 

/,(Z,Z) = /1,_,(Z,Z) - C^j4) 11(^1 - f3kZ^){4 - lk^2) 

j = l k=l 
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where < s < r and ai, . . . , Op, /3i, 71, . . . , /3s, 7^ are mutually distinct non- 
zero complex numbers. As V{fs) C P"*^ consists of p + 2s points, we have 
X{F*) = -p{p + 2s) and C/,(i) = (1 - 1^)^+"^''^ (See [8j). 

For any n = 2 + m, we can consider a join type strongly polar weighted 
homogeneous polynomial of m + 2 bariables z, w with w G C"*: 

Fs(z,w,z,w) = /s(z,z) + w{'^'^wl H ^w^^'wl,. 

Then by join theorem (p]), the Milnor fiber of Fg, s = 0, . . . , r have different 
topology. In fact, the Milnor fiber is homotopic to a bouquet of spheres and 
the Milnor number is {p — l)^{p'^ + (2s — 2)p + 1). Thus topology of mixed 
polynomials is not combinatorial invariant. 
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